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Q 1 ABSTRACT 

Let G be a simple graph of order n. The domination polynomial ofG is the polynomial D(G, x) = 
^27=-y(G) ^(^' i)x l , where d(G,i) is the number of dominating sets of G of size i, and 7(G) is the 
domination number of G. In this paper we study the domination polynomials of cubic graphs 
of order 10. As a consequence, we show that the Petersen graph is determined uniquely by its 
domination polynomial. 
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1 Introduction 

•T- 1 

Let G = (V, E) be a simple graph. The order of G is the number of vertices of G. For any 
vertex v £ V, the open neighborhood of v is the set N(v) = {u € V\uv G E} and the closed 
neighborhood of v is the set N[v] = N(v) U {v}. For a set S C V, the open neighborhood of S 
is N{S) = \JveS N ( v ) and the closed neighborhood of 5 is N[S] = N(S) US. A set S C V is 
a dominating set if iVfS 1 ] = V, or equivalently, every vertex in V\S is adjacent to at least one 
vertex in S. The domination number j(G) is the minimum cardinality of a dominating set in G. 
A dominating set with cardinality 7(G) is called a 7-set The family of all 7-sets of a graph G is 
denoted by T(G). For a detailed treatment of these parameters, the reader is referred to [2]. The 
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i-subset of V{G) is a subset of V(G) of size i. Let T>{G, i) be the family of dominating sets of a 
graph G with cardinality i and let d(G, i) = \D(G, The domination polynomial D(G, x) of G 
is defined as D(G,x) = X)|=^g) d{G,i)x % , where 7(G) is the domination number of G (seep]). 

We denote the family of all dominating sets of G with cardinality i and contain a vertex v by 
T> V (G, i), and d v (G, i) = [D V (G, Two graphs G and if are said to be dominating equivalence, 
or simply P-equivalent, written G ~ H, if D{G,x) = D{H,x). It is evident that the relation 
~ of being D-equivalence is an equivalence relation on the family Q of graphs, and thus Q is 
partitioned into equivalence classes, called the V- equivalence classes. Given G € Q, let 

[G] = {H G g : H ~ G}. 

We call [G] the equivalence class determined by G. A graph G is said to be dominating unique, 
or simply T> -unique, if [G] = {G}. 

The minimum degree of G is denoted by (5(G). A graph G is called k-regular if all vertices have 
the same degree k. A vertex-transitive graph is a graph G such that for every pair of vertices v 
and w of G, there exists an automorphism 6 such that 0(v) = w. One of the famous graphs is 
the Petersen graph which is a symmetric non-planar cubic graph. In the study of domination 
polynomials, it is interesting to investigate the dominating sets and domination polynomial of 
this graph. We denote the Petersen graph by P. 

In this paper, we study the dominating sets and domination polynomials of cubic graphs of 
order 10. As a consequence, we show that the Petersen graph is determined uniquely by its 
domination polynomial. In the next section, we obtain domination polynomial of the Petersen 
graph. In Section 3, we list all 7-sets of connected cubic graphs of order 10. This list will be 
used to study the D-equivalence of these graphs in the last section. In Section 4, we prove that 
the Petersen graph is V- unique. In the last section, we study the ^-equivalence classes of some 
cubic graphs of order 10. 
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2 Domination Polynomial of the Petersen Graph 

In this section we shall investigate the domination polynomial of the Petersen graph. First, we 
state and prove the following lemma: 

Lemma 1. Let G be a vertex transitive graph of order n and v £ V(G). For any 1 < i < n, 
d(G,i) = 2d v (G,i). 

Proof. Clearly, if D is a dominating set of G with size i, and 9 G Aut(G), then 9(D) is also a 
dominating set of G with size i. Since G is a vertex transitive graph, then for every two vertices 
v and w, d v (G, i) = d w (G, i). If D is a dominating set of size i, then there are exactly i vertices 
Vj 1 , . . . , Vj i such that D counted in d Vjr (G, i), for each 1 < r < i. Hence d(G, i) = jd v (G, i), and 
the proof is complete. □ 



Theorem 1. ([2], p. 48) If G is a connected graph of order n with 5(G) > 3, then j(G) < ^p. 

We need the following theorem for finding the domination polynomial of the Petersen graph. 

Theorem 2. Let G be a graph of order n with domination polynomial D(G, x) = Y17=i ^(^> O 2 - 1 ■ 
If d(G,j) = (") for some j, then 5(G) > n — j. More precisely, 5(G) = n — I, where I = 
min|jjd(G,j) = (")| 3 an d there are at least (j^) — d(G,l — 1) vertices of degree 5(G) in G. 
Furthermore, if for every two vertices of degree 5(G), say u and v we have N[u] ^ N[v], then 
there are exactly — d(G,l — 1) vertices of degree 5(G). 

Proof. Since d(G,j) = (p for any r > j, every r-subset of the vertices of G forms a domi- 
nating set for G. Suppose that there is a vertex v E V(G) such that deg(v) < n — j. Consider 
V(G)\N[v\. Clearly, V(G)\N[v] > j, and V(G)\N[v] is not a dominating set for G, a con- 
tradiction. Now, assume that S is a (I — l)-subset of V(G) which is not a dominating set. 
Thus there is a vertex u € V(G)\S which is not covered by S. Since 5(G) > n — I, we have 
deg(u) = n — I. Let S' ^ S be a (I — l)-subset which is not a dominating set. Thus there exists 
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a vertex v! G V(G)\S' which is not covered by S' . As we did before deg(u') = n — I. We claim 
that u / v! . Since S ^ S', there exists a vertex xGSfl (V(G)\S'). We know that u'x G E(G). 
If u = u', then G E(G), a contradiction. Thus u ^ u' and the claim is proved. If u and i> are 
two vertices of degree 5(G) and iV[u] = iV>], then F(G)\iV[u] = V(G)\N[v] is an (Z - l)-subset 
which is not a dominating set for G. Thus we have at least — d(G, I — 1) vertices of degree 
5(G) in G. The last part of theorem is obvious. □ 




G 2 „ 4 Gai 

Figure 1: Cubic graphs of order 10. 
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Indeed, by Theorem [2 we have the following theorem which relates the domination polynomial 
and the regularity of a graph G. 

Theorem 3. Let H be a k-regular graph, where for every two vertices u,v G V(H), N[u] ^ N[v] . 
If D(G,x) = D(H,x), then G is also a k-regular graph. 

There are exactly 21 cubic graphs of order 10 given in Figure [1] (see [3]). Using Theorem [TJ 
the domination number of a connected cubic graph of order 10 is 3. Three are just two non- 
connected cubic graphs of order 10. Clearly, for these graphs, the domination number is also 
3. Note that the graph G\j is the Petersen graph. For the labeled graph G\j in Figure [lj we 
obtain all dominating sets of size 3 and 4 in the following lemma. 

Lemma 2. For the Petersen graph P, d(P,3) = 10 and d(P,4) = 75. 

Proof. First, we list all dominating sets of P of cardinality 3, which are the 7-sets of the labeled 
Petersen graph (graph Gn) given in Figure [TJ 

V{P, 3) = {{1, 3, 7}, {1, 4, 10}, {1, 8, 9}, {2, 4, 8}, {2, 5, 6}, {2, 9, 10}, {3, 5, 9}, {3, 6, 10}, {4, 6, 7}, 
{5,7, 8}|. Now, we shall compute d(P, 4). By Lemma [TJ it suffices to obtain the dominating 
sets of cardinality 4 containing one vertex, say the vertex labeled 1. These dominating sets are 
listed below. 

Pi(P,4) = {{1,2, 3, 7}, {1,2, 4, 8}, {1,2, 4, 10}, {1, 2, 5, 6}, {1, 2, 8, 9}, {1, 2, 9, 10}, {1, 3, 4, 7}, 
{1, 3, 4, 10}, {1, 3, 5, 7}, {1, 3, 5, 9}, {1, 3, 6, 7}, {1, 3, 6, 10}, {1, 3, 7, 8}, {1, 3, 7, 9}, {1, 3, 7, 10}, 
{1,3, 8, 9}, {1,3, 9, 10}, {1,4, 5, 10}, {1,4, 6, 7}, {1,4, 6, 10}, {1,4, 7, 8}, {1,4, 7, 10}, {1,4, 8, 9}, 
{1,4, 8, 10}, {1, 4, 9, 10}, {1, 5, 7, 8}, {1, 5, 8, 9}, {1, 6, 8, 9}, {1, 7, 8, 9}, {1, 8, 9, 10}} . 

Therefore by Lemma [TJ d(P, 4) = ±2*po = 75. D 
We need the following lemma: 

Lemma 3. Let G be a cubic graph of order 10. Then the following hold: 
(1) d{G,%) = (7), fori = 7,8, 9, 10. 



5 



(ii) if t and s are the number of subgraphs isomorphic to K^\{e}(e is an edge) and K4 in G, 
respectively, then d(G,6) = ( 6 °) — (10 — t — 3s). 

(Hi) if G has no subgraph isomorphic to graphs given in Figure® then d(G, 5) = (5°) - 60. 




Figure 2: Graphs illustrated in Lemma [3l 

Proof, (i) It follows from Theorem [2j 

(ii) If G is a cubic graph of order 10, then for every v G V(G), V(G)\N[v] is not a dominating 
set. Also, if S C V(G), \S\ = 6 and 5 is not a dominating set, then S = V(G)\N[v], for some 
v G V(G). Note that if G has K^\{e} as a subgraph, then there are two vertices U\ and 
U2 such that G\iV[iti] = G\N[u2\- Also if G has K4 as its subgraph, then there are four 
vertices Ui, 1 < i < 4 such that G\N[u,i] = G\N[uA, for 1 < i 7^ j < 4. Hence we have 
d(G,6) = (g°) - (10-t-3s). 

(iii) It suffices to determine the number of 5-subsets which are not dominating set. Suppose 
that S C V(G), \S\ = 5, and S is not a dominating set for G. Thus there exists v € V(G) such 
that N[v]r\S = 0. Now, note that for every x G V(G), V(G)\(N[x]U{y}), where y G V(G)\N[x] 
is a 5-subset which is not a dominating set for G. Also since none of the graphs given in Figure [2] 
is a subgraph of G, for every two distinct vertices x and x' and any two arbitrary vertices 
y G V(G)\N[x] and y' G V(G)\N[x'}, we have 7(G)\(JV[z] U {y}) + V(G)\(N[x'} U {y'}). This 
implies that the number of 5-subsets of V(G) which are not dominating sets is 10 x 6 = 60. So 
we have d(G, 5) = - 60. D 

Corollary 1. For cubic graphs of order 10, the following hold: 
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i) IfG e {G 20 ,G 2 i}, then d(G,6) 

ii) IfGe {G?i,Gi 8 }, then d(G,6) = ( x 6 °) - 8. 

iii) IfGe {G 3 , G 5 }, then d(G, 6) = ft ) - 9. 

iv) For each i,l<i<21, if i £ {1,3,5,18,20,21}, then d(G h 6) 

v) IfGe {G G ,G 7 ,G 8 ,G 10 ,G 17 }, then d(G,5) = ft ) - 60. 



(?) 



10. 



Theorem 4. The domination polynomial of the Petersen graph P is: 
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x 6 + 
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60 



x 5 + 75x 4 + 10x 3 . 



Proof. The result follows from Lemma [2] and Corollary [TJ q 



3 7-Sets of cubic graphs of order 10. 



In this section, we present all 7-sets of connected cubic graphs Gi,G 2 , ■ ■ ■ ,Gis,G±g shown in 
Figure [TJ The results here will be useful in studying the P-equivalence of these graphs in the 
last section. 

r(Gi) = {{1,3, 7}, {1,3, 8}, {1,3, 9}, {1,4, 7}, {1,4, 8}, {1,4, 9}, {1,5, 7}, {1,5, 8}, {1,5, 9}, 
{2, 5, 8}, {2, 5, 9}, {2, 6, 8}, {2, 6, 9}, {2, 6, 10}, {3, 6, 8}, {3, 6, 9}, {3, 6, 10}, {3, 7, 10}, {4, 6, 8}, 
{4, 6, 9}, {4, 6, 10}, {4, 7, 10}}. Therefore, d(Gi,3) = |r(Gi)| =22. 

r(G 2 ) = {{1, 3, 8}, {1, 4, 8}, {1, 4, 9}, {1, 4, 10}, {1, 5, 8}, {2, 5, 8}, {3, 6, 8}, {3, 6, 9}, {3, 6, 10}, 
{3,7, 10}, {4, 6, 9}, {5, 6, 9}}. Therefore d(G 2 ,3) = |r(G 2 )| = 12. 

r(G 3 ) = {{1, 3, 6}, {1, 3, 7}, {1, 4, 8}, {1, 5, 9}, {1, 6, 9}, {1, 7, 9}, {2, 3, 6}, {2, 3, 7}, {2, 4, 8}, 
{2, 5, 8}, {2, 5, 9}, {3, 6, 10}, {3, 7, 10}, {4, 6, 10}, {4, 7, 10}, {4, 8, 10}, {5, 9, 10}} . 

Therefore d(G 3 ,3) = |r(G 3 )| = 17. 

r(G 4 ) = {{1, 5, 6}, {1, 5, 8}, {1, 6, 7}, {1, 7, 8}, {2, 4, 9}, {2, 5, 6}, {2, 5, 8}, {2, 6, 7}, {2, 7, 8}, 
{3, 4, 9}, {3, 6, 9}, {3, 8, 9}, {4, 5, 10}, {4, 7, 10}, {4, 9, 10}} . Therefore d(G 4 ,3) = |r(G 4 )| = 15. 
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r(G 5 ) = {{1,4, 7}, {1,4, 8}, {1,4, 9}, {1,5, 7}, {1,5, 8}, {1,5, 9}, {1,6, 7}, {1,6, 8}, {1,6, 9}, 
{2, 4, 7}, {2, 4, 8}, {2, 4, 9}, {2, 5, 7}, {2, 5, 8}, {2, 5, 9}, {2, 6, 7}, {2, 6, 8}, {2, 6, 9}, {3, 4, 9}, 
{3, 5, 9}, {3, 6, 9}, {4, 7, 10}, {4, 8, 10}, {4, 9, 10}} . Therefore d(G 5 , 3) = |r(G 5 )| = 24. 

r(G a ) = {{1,4, 7}, {1, 4, 8}, {1, 5, 8}, {2, 5, 8}, {2, 5, 9}, {2, 6, 9}, {3, 6, 9}, {3, 6, 10}, {3, 7, 10}, 
{4,7, 10}}. Therefore d(G 6 ,3) = |r(G 6 )| = 10. 

r(G 7 ) = {{1,4, 8}, {2, 5, 8}, {2, 5, 9}, {3, 6, 9}, {3, 7, 10}, {4, 7, 10}} . 
Therefore d(G 7 ,3) = |r(G 7 )| = 6 

r(G 8 ) = {{1,3,9},{1,4,8},{1,5,7},{2,6,10},{3,6,9},{4,6,8}}. 
Therefore d(G 8 ,3) = |r(G 8 )| = 6. 

r(G 9 ) = {{1, 3, 9}, {1, 4, 8}, {1, 5, 7}, {2, 5, 7}, {2, 5, 8}, {2, 6, 8}, {3, 6, 9}, {4, 6, 10}, {4, 7, 10}, 
{5,7,10}}. Therefore d(G 9 ,3) = |r(G 9 )| = 10. 

r(Gio) = {{1, 2, 9}, {1, 5, 8}, {1, 8, 9}, {2, 3, 10}, {2, 9, 10}, {3, 4, 6}, {3, 6, 10}, {4, 5, 7}, {4, 5, 7}, 
{4,6,7}}. Therefore d(G 10 ,3) = |r(Gi )| = 10. 

r(Gn) = {{1, 3, 7}, {1, 5, 9}, {2, 3, 7}, {2, 5, 8}, {2, 5, 9}, {2, 6, 8}, {2, 7, 8}, {3, 6, 9}, {3, 7, 10}, 
{4, 5, 10}, {4, 6, 10}, {4, 7, 10}} . Therefore d(Gn, 3) = |r(Gn)| = 12. 

r(G 12 ) = {{1, 3, 9}, {1, 4, 8}, {1, 5, 7}, {2, 5, 8}, {2, 6, 8}, {2, 6, 9}, {2, 6, 10}, {2, 7, 9}, {3, 5, 10}, 
{3, 6, 8}, {3, 6, 9}, {4, 6, 8}, {4, 6, 9}, {4, 6, 10}, {4, 7, 10}} . Therefore d(G 12 , 3) = |r(G 12 ) | = 15. 

r(G 13 ) = {{1, 3, 8}, {1, 4, 8}, {1, 4, 9}, {2, 5, 8}, {2, 7, 8}, {3, 6, 9}, {4, 5, 10}, {4, 7, 10}} . There- 
fore d(Gi 3 ,3) = |r(G 13 )| =8. 

r(G 14 ) = {{1, 3, 7}, {1, 3, 8}, {1, 3, 9}, {1,4, 7}, {1, 4, 8}, {1, 4, 9}, {1, 5, 7}, {1, 5, 8}, {1, 5, 9}, 
{2, 3, 7}, {2, 4, 7}, {2, 5, 7}, {2, 5, 8}, {2, 5, 9}, {2, 6, 8}, {3, 6, 9}, {3, 7, 10}, {4, 6, 10}, 
{4, 7, 10}, {5, 7, 10}, {5, 8, 10}, {5, 9, 10}} . Therefore d(G M , 3) = |r(G u )| = 22. 

r(G 15 ) = {{1, 2, 8}, {1, 3, 8}, {1, 4, 8}, {2, 5, 10}, {2, 6, 9}, {2, 7, 8}{3, 5, 10}, {3, 6, 7}, {3, 6, 9}, 
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{4, 5, 10}, {4, 6, 9}, {4, 7, 10}}. Therefore |r(G 16 )| = 12. 

r(G 16 ) = {{1, 3, 8}, {1, 4, 8}, {1, 4, 9}, {3, 6, 8}, {3, 6, 9}, {4, 6, 9}} . Therefore d(G 16 ,3) = 6. 



r(G 17 ) = [{1, 3, 7}, {1, 4, 10}, {1, 8, 9}, {2, 4, 8}, {2, 5, 6}, {2, 9, 10}, {3, 5, 9}, {3, 6, 10}, {4, 6, 7}, 
{5,7,8}}. Therefore, d(G X7 ,3) = 10. 



r(G 18 ) = |{1, 5, 8}, {1, 5, 9}, {2, 5, 8}, {2, 5, 9}, {2, 6, 7}, {2, 6, 8}, {2, 6, 9}, {2, 6, 10}, {3, 5, 8}, 
{3, 5, 9}, {3, 6, 7}, {3, 6, 8}, {3, 6, 9}, {3, 6, 10}, {4, 5, 8}, {4, 5, 9}} . Therefore, d(G w , 3) = 16. 



r(G 19 ) = |{1, 4, 8}, {1, 5, 8}, {2, 4, 7}, {2, 5, 8}, {2, 5, 9}, {2, 6, 9}, {2, 7, 9}, 

{3, 5, 10}, {3, 6, 9}, {3, 6, 10}, {3, 7, 10}, {4, 7, 10}, {5, 8, 10}} . Therefore \T(G 1Q ) \ = 13. 

4 D-Equivalence class of the Petersen Graph 

In this section we show that the Petersen graph is P-unique. 
Theorem 5. The Petersen graph P is V-unique. 

Proof. Assume that G is a graph such that D(G,x) = D(P,x). Since for every two vertices 
x,y 6 V(P), N[x] ^ N[y], by Theorem [3l G is a 3-regular graph of order 10. Using the T(Gj) 
for i = 1, ...,21 in Section 3 we reject some graphs from [P]. Since d(Ge,3) = d(Gg,3) = 
d(Gio,3) = d(Gi7, 3) = 10, we compare the cardinality of the families of dominating sets of 
these four graphs of size 4. 

©i(G 6 , 4) = {{1,2, 3, 4}, {1,2, 3, 10}, {1,2,4, 7}, {1,2, 4, 8}, {1,2, 4, 9}, {1,2, 5, 8}, {1,2, 5, 9}, 
{1, 2, 6, 9}, {1, 2, 9, 10}, {1, 3, 4, 6}, {1, 3, 4, 7}, {1, 3, 4, 8}, {1, 3, 5, 8}, {1, 3, 6, 8}, {1, 3, 6, 9}, 
{1, 3, 6, 10}, {1, 3, 7, 10}, {1, 3, 8, 10}, {1,4, 5, 7}, {1,4, 5, 8}, {1, 4, 6, 7}, {1, 4, 6, 8}, {1,4, 6, 9}, 
{1,4, 7, 8}, {1,4, 7, 9}, {1,4, 7, 10}, {1, 4, 8, 9}, {1, 4, 8, 10}, {1, 5, 6, 8}, {1, 5, 7, 8}, {1, 5, 8, 9}, 
{1,5, 8,10}, {1,6, 8,9}, {1,8,9,10}}. 

Therefore, by Lemma[H d(G 6 ,4) = = 85 > d(P,4) = 75. 
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Now, we obtain the family of all dominating sets of Gio of size 4. 

2?i(Gi ,4) = {{1,2, 3, 9}, {1,2, 3, 10}, {1, 2, 4, 9}, {1, 2, 5, 8}, {1, 2, 5, 9}, {1, 2, 6, 9}, 

{1,2, 7, 9}, {1,2, 8, 9}, {1,2, 9, 10}, {1, 3, 4, 6}, {1, 3, 5, 8}, {1, 3, 6, 8}, {1, 3, 6, 9}, {1, 3, 6, 10}, 

{1, 3, 7, 9}, {1, 3, 7, 10}, {1, 3, 8, 9}, {1, 3, 8, 10}, {1, 4, 5, 7}, {1,4, 5, 8}, {1,4, 6, 7}, {1, 4, 6, 8}, 

{1,4, 6, 9}, {1,4, 7, 9}, {1,4, 7, 10}, {1, 4, 8, 9}, {1, 4, 8, 10}, {1, 5, 6, 8}, {1, 5, 7, 8}, {1, 5, 8, 9}, 

{1, 5, 8, 10}, {1, 6, 8, 9}, {1, 7, 8, 9}, {1, 8, 9, 10}} . 

Therefore, by LemmaU d(Gio,4) = = 85 > d(P,4) = 75. 

Now, for graph Gg we have, T>(Gg,4) = 

{{1,2, 3, 9}, {1,2, 4, 8}, {1,2,5, 7}, {1,2, 5, 8}, {1,2, 6, 8}, {1,2, 8, 9}, {1,3, 4, 5}, {1,3, 4,8}, 
{1, 3, 4, 9}, {1, 3, 4, 10}, {1, 3, 5, 7}, {1, 3, 5, 8}, {1, 3, 5, 9}, {1, 3, 6, 8}, {1, 3, 6, 9}, {1, 3, 7, 9}, 
{1, 3, 8, 9}, {1, 3, 9, 10}, {1, 4, 5, 6}, {1, 4, 5, 7}, {1,4, 5, 8}, {1,4, 6, 8}, {1, 4, 6, 9}, {1, 4, 6, 10}, 
{1,4, 7, 8}, {1,4, 7, 9}, {1,4, 7, 10}, {1, 4, 8, 9}, {1, 4, 8, 10}, {1, 5, 6, 7}, {1, 5, 7, 8}, {1, 5, 7, 9}, 
{1, 5, 7, 10}, {1, 6, 7, 8}, {1, 7, 8, 9}{2, 3, 4, 5}, {2, 3, 5, 7}, {2, 3, 5, 8}, {2, 3, 5, 9}, {2, 3, 6, 8}, 
{2, 3, 6, 9}, {2, 3, 7, 9}, {2, 4, 5, 6}, {2, 4, 5, 7}, {2, 4, 5, 8}, {2, 4, 6, 8}, {2, 4, 6, 9}, {2, 4, 6, 10}, 
{2, 4, 7, 8}, {2, 4, 7, 9}, {2, 4, 7, 10}, {2, 5, 6, 7}, {2, 5, 6, 8}, {2, 5, 6, 9}, {2, 5, 7, 8}, {2, 5, 7, 9}, 
{2, 5, 7, 10}, {2, 5, 8, 9}, {2, 5, 8, 10}, {2, 6, 7, 8}, {2, 6, 8, 9}, {2, 6, 8, 10}, {2, 7, 8, 9}, {3, 4, 5, 10}, 
{3, 4, 6, 10}, {3, 4, 6, 10}, {3, 4, 7, 10}, {3, 5, 6, 9}, {3, 5, 7, 10}, {3, 5, 8, 10}, {3, 5, 9, 10}, {3, 6, 7, 10}, 
{3, 6, 8, 10}, {3, 6, 7, 9}, {3, 6, 8, 9}, {3, 6, 9, 10}, {3, 7, 9, 10}, {4, 5, 6, 10}, {4, 5, 7, 10}, {4, 5, 8, 10}, 
{4, 6, 7, 10}, {4, 6, 8, 10}, {4, 6, 9, 10}, {4, 7, 8, 10}, {4, 7, 9, 10}, {5, 6, 7, 10}, {5, 7, 8, 10}, {5, 7, 9, 10}, 
{6, 7, 8, 10}, {6, 7, 8, 10}, {7, 8, 9, 10}}. 

Therefore d{Gg,A) = 91 > d(P,4). 

Hence [P] = {P}, and so the Petersen graph is D-unique. □ 

By the arguments in the proof of Theorem [5j we have the following corollary. 

Corollary 2. (i) The graph Gg is T>-unique, 

(ii) [Gq] = {g^Gio} with the following domination polynomial: 
x w + + A0V 8 + no\ x7 + ( A0\ _ 10)x6 + ( /10\ _ g0)a;5 + 85x4 + 
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5 ^-equivalence class of cubic graphs of order 10 



In this section, we shall study the ^-equivalence classes of other cubic graphs of order 10. 
We need the following theorem: 

Theorem 6. ([lj) If a graph G has m components G\,...,G m> then D(G,x) = 
D(Gi,x) ■ • • D(G m , x). D 

Corollary 3. Two graphs G20 and G21 are T>- equivalence, with the following domination poly- 
nomial: 

D(G 20 , x) = D(G 2 i,x) = x 10 + 10x 9 + 45x 8 + 120x 7 + 203x 6 + 216x 5 + 134a; 4 + 36x 3 . 

Proof. Two graphs G20 and G21 are disconnected with two components. In other words 
G20 = H U K4 and G21 = H' U where H and H' are graphs with 6 vertices. It is not hard 
to see that 

D(H, x) = D(H', x)=x G + 6x 5 + 15x A + 20x 3 + 9x 2 . 
On the other hand, D(K^, x) = x 4 + Ax 3 + 6x 2 + Ax. By Theorem [6j we have the result. □ 

Theorem 7. The graphs Gi2,Gi3,Gi4,Gi6, and G\g in Figured are T>-unique. 

Proof. Using 7-sets in Section 3, |r(Gi 2 )| = 15, |r(C 13 )| = 7, |r(G u )| = 22, and |r(Gi 9 )| = 13. 
By comparing these numbers with the cardinality of 7-sets of other 3-regular graphs, we have 
the result. Now, we consider graph Gi6. Since d(Gf, 3) = (i(Gg,3) = d(GiQ,3) = 6, we shall 
obtain d(Gi, 4) for i = 7, 8, 16. 

2>i(G 7j 4) = {{1,2, 3, 4}, {1,2, 4, 8}, {1,2, 4, 9}, {1,2, 4, 10}, {1, 2, 5, 8}, {1, 2, 5, 9}, {1, 2, 6, 8}, 
{1, 2, 8, 10}, {1, 3, 4, 6}, {1, 3, 4, 7}, {1, 3, 4, 8}, {1, 3, 5, 7}, {1, 3, 5, 8}, {1, 3, 6, 7}, {1, 3, 6, 8}, 
{1,3, 6, 9}, {1,3, 7, 10}, {1,3, 8, 10}, {1,4, 5, 8}, {1,4, 6, 8}, {1,4, 6, 9}, {1,4, 6, 10}, {1,4, 7, 8}, 
{1,4, 7, 9}, {1,4, 7, 10}, {1,4, 8, 9}, {1,4, 8, 10}, {1, 5, 6, 9}, {1, 5, 7, 9}, {1, 5, 8, 9}, {1, 6, 8, 9}, 
{1,8,9, 10}}. Therefore, by LemmaHl d(G 7 ,4) = ^ = 80. 
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-D(Gg, x) = D(G 1Q , vc) = a- 10 + lOi 9 + 45a 8 + 120i 7 + 200a,- 6 + 192a! 5 + 85a 4 + lOi 3 




D(G 7 ,x) = D(G 8 , a) — a 10 + lOi 9 + 45a! 8 + 120a! 7 + 200a- 6 + 192a! 5 + 80a 4 + 6a: 3 




-D(G 20 . = D(G 21 , a) = a 10 + 10a: 9 + 45a: 8 + 120a- 7 + 203a- 6 + 216a 5 + 134a: 4 + 36a! 3 



Figure 3: Cubic graphs of order 10 with identical domination polynomial. 

Pi(G 8 ,4) = {{1,2, 3, 5}, {1,2, 3, 9}, {1,2, 4, 8}, {1,2, 5, 6}, {1,2, 5, 7}, {1,2, 5, 8}, {1,2, 6, 10}, 
{1,3, 4, 8}, {1,3, 4, 9}, {1,3, 5, 7}, {1,3, 5, 8}, {1,3, 5, 9}, {1,3, 6, 8}, {1,3, 6, 9}, {1,3, 7, 9}, 
{1, 3, 8, 9}, {1, 3, 9, 10}, {1, 4, 5, 7}, {1, 4, 5, 8}, {1,4, 6, 8}, {1, 4, 6, 9}, {1, 4, 7, 8}, {1, 4, 7, 9}, 
{1, 4, 7, 10}, {1, 4, 8, 9}, {1, 4, 8, 10}, {1, 5, 6, 7}, {1, 5, 7, 8}, {1, 5, 7, 9}, {1, 5, 7, 10}, {1, 6, 7, 10}, 
{1,7,9,10}}. Therefore, by Lemma HJ d(G 8 ,4) = ^ = 80. 

Now, we obtain d(GiQ,4). 

Pi(Gi 6 , 4) = {{1,2, 3, 8}, {1,2, 4, 5}, {1,2,4, 7}, {1,2,4, 8}, {1,2, 4, 9}, {1,2, 5, 6}, {1,2, 5, 7}, 
{1,2,5, 8}, {1,2, 6, 7}, {1,2, 7, 8}, {1,3, 4, 8}, {1,3, 4, 9}, {1,3, 5, 8}, {1,3, 6, 8}, {1,3, 6, 9}, 
{1,3, 7, 8}, {1,3, 8, 9}, {1,3, 8, 10}, {1, 4, 5, 8}, {1, 4, 5, 9}, {1, 4, 5, 10}, {1, 4, 6, 8}, {1, 4, 6, 9}, 
{1,4, 7, 8}, {1,4, 7, 9}, {1,4, 7, 10}, {1, 4, 8, 9}, {1, 4, 8, 10}, {1,4, 9, 10}, {1, 5, 6, 10}, {1, 5, 7, 10}, 
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{1,5,8, 10}, {1,6, 7, 10}, {1,7,8, 10} J. Therefore, by Lemma HJ d(Gi 6 ,4) = = 85. Hence 
[Gib] = {Gw}. □ 

By the arguments in the proof of Theorem we have the following corollary. 
Corollary 4. Two graphs G-j and Gs are T> -equivalence. 

In summary, in this paper we showed that the Petersen graph is D-unique. Also, we proved 
that the graphs G2, Gq, Gn, G12, G13, G14, G15, Gi6, Gn, and Gig are D-unique, and [Gq] = 
{Gq,G\o}, [G-j] = {^7,^8}, [G20] = {^20,^21} (see Figured]). We are not able to determine 
the ^-equivalence of G\, G3, G4, G5, and Gis, but we think that they are X>-unique. 
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